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1 Definitions and examples





Deflnition 1 (energy minimizing map, harmonic map)
(1) $u$ energy minimizing map .
$\mathrm{E}(u)\leq \mathrm{E}(v)\forall v\in W^{1,2}(\Omega,\mathrm{S})$ with $u-v\in W_{0}^{1,2}(\Omega,\mathbb{R})$ .
(2) $u$ harmonic map $u$ $\mathrm{E}$ Euler-Lagrange
$\int_{\Omega}\{\langle\nabla u, \nabla\psi\rangle-|\nabla u|^{2}u\cdot\psi\}dx=0\forall\psi\in W_{0}^{1,2}\cap L^{\infty}(\Omega,\mathbb{R})$
. .
$\Delta u+|\nabla u|^{2}u=0$ in $D’(\Omega,\mathbb{R}^{n})$ .
Remark 1energy minimizing map harmonic map
, 2 Riemann




, $(M\ovalbox{\tt\small REJECT})$ $n$ $\mathrm{c}\otimes$ ( ) compact Riemann , $(N, h)$ $k$
$C^{0}$ compact Riemann , $\mathrm{N}$ $\nu\supset \mathrm{E}\mathrm{u}\mathrm{c}\mathrm{l}\mathrm{i}\mathrm{d}$ $\mathrm{R}$’& isometric
.
Definition 2(harmonic map 2)




, $\mathrm{v}\mathrm{o}1_{M}$ $M$ volume form .
$\int_{M}.${ $\langle du,$ $d\psi\rangle-A_{u}^{N}$ (du, du) $\cdot\psi$ } $\mathrm{v}\mathrm{o}1_{M}=0\forall\psi\in W_{0}^{1,2}\cap L^{\infty}(M,$
$\ovalbox{\tt\small REJECT}$
, $A^{N}$ .N. 2 . .
$\Delta_{g}u+A_{u}^{N}$ (du, $du$ ) $=0$ in $D’(M,$ $\ovalbox{\tt\small REJECT}$
$\Delta_{g}$ $M$ Laplacian .
Remark 2(Harmonic maps between spheres)
harmonic map .
$\Delta_{\mathrm{S}^{n}}u+|\nabla_{\mathrm{S}^{n}}u|^{2}u=0$ in $\mathrm{S}^{n}$
$u\in C^{\infty}(\mathrm{S}^{n}, \mathrm{S}^{k})(n\geq 2)$ harmonic map $u\in W^{1,2}(\mathrm{B}^{n+1}, \mathrm{S}^{k})$
$\overline{u}(x)=u(\frac{x}{|x|})$ for $x\in \mathrm{B}^{n+1}\backslash \{0\}$
$u$




( , ), .
(2) \sigma .
, harmonic map .
, section 2 harmonic map $\mathrm{A}\mathrm{a}$ , section 3
.
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$u\in W^{1,2}(\Omega, \mathbb{R}^{l})$ , $\mathrm{B}_{f}^{n}(\mathrm{p})\subset\Omega$ . , $u_{p,t}\in W^{1,2}(\mathrm{B}^{n}, \mathbb{R}^{l})$
.
$u_{p,r}(x)=u(p+rx)x\in \mathrm{B}$ ..$\cdot$. $\cdot$ .
Property 1energy minimizing map, (harmonic map) scaling e.nergy
minimizing map (harmonic map) . , . .
$u\in W^{1,2}(\Omega,\mathrm{S}^{k})\mathrm{B}^{\grave{\grave{\mathrm{a}}}}$ energy minimizing map (harmonic map) , $u_{p,r}\in W^{1,2}(\ddot{\mathrm{B}}^{n},$$\mathrm{S}\ovalbox{\tt\small REJECT} j$
energy minimizing map (harmonic map) .
energy minimizing map . $n\geq 3$ $n$
$\mathrm{B}^{n}$ $\mathrm{S}^{n-1}$ $x/|x|$ ener minimizing map [11] ,
. ( , 2 , $k$ compact Riemann
$N$ energy minimizing map harmonic map $C^{\infty}$ ,
Bthuel, Evans, H\‘elein, Morrey . [2], [6], [10], [13] $)$
energy minimizing map ( )
. ( , ,
. [19], [24], [28] ) , Reg(u), Sing(tt)
.
Reg(u) $=$ {$x\in\Omega|u$ is continuous at $x$} Sing(u) $=\Omega$ -Reg(u)





$n\geq 3$ , $u\in W^{1,2}(M^{n}, N^{k})$ energy minimizing map ,
$\dim \mathcal{H}\mathrm{S}\mathrm{i}\mathrm{n}\mathrm{g}(u)\leq n-3$
, $n=3$ , Sing(u) discrete
- , $\mathrm{H}.\mathrm{M}$. .
Theorem 2[21]
non-constant $\phi\in C^{\infty}(\partial \mathrm{B}^{3}, \mathrm{S}^{2})$ , harmonic map $u\in W^{1,2}(\mathrm{B}^{3}, \mathrm{S}^{2})$
$u|_{\partial \mathrm{B}^{\theta}}=\phi$ Sing(u) $=\overline{\mathrm{B}^{3}}$ .
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, harmonic map ,
. , harmonic map (
) stationary harmonic map .
Definition4(stationary harmonic maP)
harmonic map $u\in W^{1,2}(\Omega, \mathrm{S}^{k})$ stahonary hannonic map , $u$
.
$\frac{d}{dt}|_{t=0}\mathrm{E}(u(x+t\psi(x)))=0$ for any $\psi\in C_{0}^{1}(\Omega, \mathbb{R}^{n})$
harmonic map , sta-
tionary harmonic map . energy minimizing
map stationary harmonic map , stationary harmonic map harmonic
map . . stationary harmonic map
.
Theorem 3[2], [6], [10]
$u\in W^{1,2}(\Omega, \mathrm{S}^{k})$ stationary harmonic map . , Sing(u)
, $H^{n-2}$ (Sing(u))=0 .
, energy minimizing map , harmonic map
. , \S 4 , 3




$\Omega\subset \mathbb{R}^{n}$ , $\Sigma=\partial\Omega$ smooth 1 . ,
$u\in C^{1}(\Sigma, \mathrm{S}^{n-1})$ , $\deg(u|\Sigma)$ .
$\deg(u)=\frac{1}{\mathcal{H}^{n-1}(\Sigma)}\int_{\Sigma}J(u)dH^{n-1}$
$J(u)$ $u$ Jacobian . , $\deg(u)\in \mathbb{Z}$ .
, 1 , (
) . harmonic map
. , .
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Definition 6 (degree at the isolated singular point)
$uCW^{1,2}(\Omega, \mathrm{S}^{n-1})$ harmonic map , $p\mathrm{C}\Omega$ , $u$ .
, $\deg(u,p)$ .





$1\leq n\leq 7$ $\pi_{n}(\mathrm{S}^{n})$ harmonic representation $d\in \mathrm{N}$
harmonic map $ud\in C^{\infty}(\mathrm{S}^{n}, \mathrm{S}^{n})$ $k$
$\mathrm{B}^{n+1}$ $\mathrm{S}^{n}$




blow-up . , energy minimizing map,
stationary harmonic map monotonicity
. ( .)
Theorem 5(monotonicity)[8][12][23]




$| \nabla u|^{2}dx-\rho^{2-n}\int_{\mathrm{B}_{\rho}(a)}|\nabla u|^{2}dx=2\int_{\mathrm{B}_{R}}$
( ) $\backslash \mathrm{B}_{\rho}$ ( )
$r_{a}^{2-n}| \frac{\partial u}{\partial r_{a}}|^{2}dx$
$r_{a}=|x-a|$ .
.
$\rho^{2-n}\int_{\mathrm{B}_{\rho}(a)}|\nabla u|^{2}dx\leq R^{2-n}\int_{\mathrm{B}_{R}(a)}|\nabla u|^{2}dx$
, scaling , .
$\int_{\mathrm{I}}|\nabla u_{a,\rho}|^{2}dx\leq\int_{\Psi}|\nabla u_{a,R}|^{2}dx$
, , $\{u_{a,\rho_{j}}\}_{j=1}^{\infty}$ $W^{1,2}(\mathrm{B}^{n}, \mathbb{R}^{k+1})$ ,
. , $\rho jarrow \mathrm{O}(jarrow \mathrm{O})$ . $u$ energy minimizing map,
$a$ , .
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Theorem 6(blow-up)[23,8, 12, 26]
$u\in W^{1,2}(\Omega, \mathrm{S}^{k})$ energy minimizing map , $a\in\Omega$ $u$ .
, energy minimizing map $u_{0}\in W^{1,2}(\mathrm{B}^{n}, \mathrm{S}^{k})$ , .
(1) $u_{a,\rho}arrow u_{0}$ weakly in $W^{1,2}(\mathrm{B}^{n}, \mathbb{R}^{k+1})$ $(\rhoarrow 0)$
(2) $u_{a,\rho}arrow u0$ in $W_{1\mathrm{o}\mathrm{c}}^{1,2}(\mathrm{B}^{n}, \mathbb{R}^{k+1})(\rhoarrow 0)$
(3) $u_{a,\rho}arrow u_{0}$ in $C_{1\mathrm{o}\mathrm{c}}^{l}(\mathrm{B}^{n}\backslash \{0\}, \mathbb{R}^{k+1})(\rhoarrow 0)$ for any $l\in \mathrm{N}$
(4) $\mathrm{S}\mathrm{i}\mathrm{n}\mathrm{g}(u_{0})=\{0\}$
(5) $\frac{\partial u_{0}}{\partial r}=0^{\cdot}\mathrm{n}\mathrm{B}^{n}\backslash \{0\}$
(6) $\deg(u_{0}, \mathrm{O})=\deg(u, a)$
blow-up $u_{0}$ $u$ $a$ blow-up limit
, energy minimizing map harmonic
maps . , stationary harmonic map
, . , ,
.
Definition7(stability)
$u\in W^{1,2}(\Omega, \mathrm{S}^{k})$ stationary harmonic map . , $u$
, $u$ .
$\frac{d^{2}}{dt^{2}}|_{t=0}\mathrm{E}(u_{t})\geq 0$ $(u_{t}= \frac{u+t\phi}{|u+t\phi|})$




$u\in W^{1,2}(\Omega, \mathrm{S}^{k})(k\geq 3)$ stable stationary harmonic map , $a\in\Omega$ $u$
. , $\{\rho j\}_{j=1}^{\infty},$ $\rho jarrow \mathrm{O}$ , stable stationary harmonic
map $u_{0}$ .
(1) $u_{a,\rho_{j}}arrow u_{0}$ weakly in $W^{1,2}(\mathrm{B}^{n}, \mathbb{R}^{k+1})(jarrow\infty)$
(2) $u_{a,\rho_{j}}arrow u_{0}$ in $W_{1\mathrm{o}\mathrm{c}}^{1,2}(\mathrm{B}^{n}, \mathbb{R}^{k+1})(jarrow\infty)$
(3) $u_{a,\rho_{j}}arrow u_{0}$ in $C_{1\mathrm{o}\mathrm{c}}^{l}(\mathrm{B}^{n}\backslash \{0\}, \mathbb{R}^{k+1})$ $(jarrow\infty)$ for any $l\in \mathrm{N}$
(4) $\mathrm{S}\mathrm{i}\mathrm{n}\mathrm{g}(u_{0})=\{0\}$
(5) $\frac{\partial u_{0}}{\partial r}=0^{\cdot}\mathrm{n}\mathrm{B}^{n}\backslash \{0\}$
(6) $\deg(u0, \mathrm{O})=\deg(u, a)$
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Remark 3 blow-up limit unique open
\S 4, \S 5 harmonic map , Theorems
4 Harmonic maps from $\mathrm{B}^{3}$ into $\mathrm{S}^{2}$
section $\mathrm{B}^{3}$ $\mathrm{S}^{2}$ monic map $u\in W^{1,2}(\mathrm{B}^{3}, \mathrm{S}^{2})$
, harmonic map Sing(u) $=\{0\}$
harmonic map $u_{0}\in C^{\infty}(\mathrm{S}^{2}, \mathrm{S}^{2})$
$u(x)=u_{0}( \frac{x}{|x|})$ in $\mathrm{B}^{3}\backslash \{0\}$ . (4.1)
$\mathrm{S}^{2}$ $\mathrm{S}^{2}$ harmonic map
,
Theorem 8 $u_{0}\in C^{\infty}(\mathrm{S}^{2},\mathrm{S}^{2})$ harmonic map $P,$ $Q$
(1) $u_{0}= \pi^{-1}0\frac{P(z)}{Q(z)}\mathrm{o}\pi$ or (2) $u_{0}= \pi^{-1}0\frac{P(\overline{z})}{Q(\overline{z})}\mathrm{o}\pi$ (4.2)
$\pi$ : $\mathrm{S}^{2}arrow \mathbb{C}$ stereo graphic projection $u0$
degroe
$| \deg(u\mathrm{o})|=\max(\deg(P),\deg(Q))$
$P,$ $Q$ (1), (2) $u_{0}$
harmonic map $\text{ }$
$u_{0}$
$\frac{1}{2}\int_{\mathrm{S}^{2}}|\nabla_{@^{2}}u_{0}|^{2}$ $=4\pi|\deg(u_{0})|$




$u_{0}\in C$“ $(\mathrm{S}^{2}, \mathrm{S}^{2})$ harmonic map , $u\in W^{1,2}(\mathrm{B}^{3},\mathrm{S}^{2})$
$u(x)=u_{0}( \frac{x}{|x|})$ i$\mathrm{n}$ $\mathrm{B}^{3}\backslash \{0\}$ .
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$u$ energy minimizing map $A\in O(3)$
$u(x)=A \frac{x}{|x|}$ for $x\in \mathrm{B}^{3}\backslash \{0\}$
$u\in W^{1,2}(\Omega, \mathrm{S}^{2})$ energy minimizing map
$a\in \mathrm{S}\mathrm{i}\mathrm{n}\mathrm{g}(u)$ $\deg(u, a)=\pm 1$ non-minimum $tx$
harmonic map ,
Theorem 10[14]
$d\in \mathbb{Z}\backslash \{0\}$ stable harmonic map $ud\in W^{1,2}(\mathrm{B}^{3}, \mathrm{S}^{2})$
(1) Sing(u) $=\{0\}$ .
(2) $\deg(u, \mathrm{O})=d$ .
(3) $\frac{\partial u_{d}}{\partial r}=0$ in $\mathrm{B}^{4}\backslash \{0\}$
Proposition
Proposition 1[3]
$d\in \mathbb{Z}\backslash \{0\}$ $X_{d}$
$X_{d}=\{v\in C^{\infty}(\mathrm{B}^{3}\backslash \{0\}, \mathrm{S}^{2})|\deg(u, \mathrm{O})=d\}$
$v\in X_{d}\mathrm{I}\mathrm{n}\mathrm{f}\mathrm{E}(v)=4\pi|d|$
, Proposition 1 Theorem 10 $\text{ }$
Proof of Theorem 10
$u0=\pi^{-1}\circ z^{d}\circ\pi$
$\text{ }$ $u_{0}$
$\mathrm{S}^{2}$ $\mathrm{S}^{2}$ harmonic map $\text{ }$
$u\in W^{1,2}(\mathrm{B}^{3}, \mathrm{S}^{2})$
$u(x)=u0( \frac{x}{|x|})$ in $\mathrm{B}^{3}\backslash \{0\}$
$u$ harmonic map
Sing(u) $=\{0\}$ , $\deg(u, \mathrm{O})=d$, $\mathrm{E}(u)=4\pi|d|$
$\phi\in C_{0}^{1}(\mathrm{B}^{3}, \mathbb{R}^{3})$ with $u\cdot\phi=0$ $u_{t}$
$u_{t}= \frac{u+t\phi}{|u+t\phi|}$
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$= \frac{1}{2}f\int_{fl}|\frac{\partial u_{t}}{\partial r}|^{2}dx+\frac{1}{2}\int_{0}^{1}\int_{@^{2}}|\nabla@^{2}ut|^{2}d\omega dr$
(4.3)
$= \frac{1}{2}f\int_{fl}|\frac{\partial u_{t}}{\partial r}|^{2}dx+\frac{1}{2}\int_{0}^{1}(f\int_{fl}|\nabla u\iota(r)|^{2}dx)dr$
$\geq\frac{1}{2}f\int_{fl}|\frac{\partial u_{t}}{\partial r}|^{2}dx+4\pi|d|$
(4.3) $\text{ }t=0$ 4\pi
$\frac{d^{2}}{dt^{2}}\mathrm{E}(u_{t})|_{t=0}$ $\frac{d^{2}}{dt^{2}}(\frac{1}{2}\int_{\mathbb{P}}|\frac{\partial u_{t}}{\partial r}|^{2}dx)|_{t=0}$
$= \int_{\mathrm{B}^{3}}\{|\frac{\partial}{\partial r}(\frac{\partial u_{t}}{\partial t})$ $|^{2}+\{$ $\frac{\partial u_{l}}{\partial r},$ $\frac{\partial}{\partial r}(\frac{\partial^{2}u_{t}}{\partial t^{2}}))\}|_{t=0}dx$






Theorem 9 Theorem 10 3 2 harmonic
map stable non-minimum energy mini zing
5Harmonic maps from $\mathrm{B}^{4}$ into $\mathrm{S}^{3}$
section T 1 $\mathrm{B}^{4}$ $\mathrm{S}^{3}$ harmonic map
section harmonic map
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$\mathrm{S}^{3}$ $\mathrm{S}^{3}$ harmonic maps
harmonic map
Proposition








$u\in C^{\infty}(\mathrm{B}^{4}\backslash \{0\}, \mathrm{S}^{3})$ Sing(u) $=\{0\}$ stable harmonic map $\text{ }$
$\deg(u)$ 0 $\pm 1$
, $\pm 1$ , $A\in O(4)$




Lemma 1 $u\in W^{1,2}(\mathrm{B}^{4}, \mathrm{S}^{3})$ harmonic map
$\frac{1}{3}\int_{\mathrm{B}^{4}}|\nabla u|^{2}|f|^{2}dx\leq\int_{\mathrm{B}^{4}}|\nabla f|^{2}dx$ for any $f\in C_{0}^{1}(0,1)$ (5.1)




LHS $= \int_{\mathrm{B}^{4}}|\nabla u|^{2}\{|\phi|^{2}-(u, \phi)^{2}|\}dx$
RHS $= \int_{\mathrm{B}^{4}}\{|\nabla\phi|^{2}+|\nabla u^{2}|(u, \phi)^{2}+|\nabla(u, \phi)|^{2}-2(u, \phi)(\nabla u, \nabla\phi)$
-2 $\sum_{\alpha=1}^{4}(u,$ $\frac{\partial\phi}{\partial x_{\alpha}})^{2}-2\sum_{\alpha=1}^{4}(u,$ $\frac{\partial\phi}{\partial x_{\alpha}})(\frac{\partial u}{\partial x_{\alpha}},$ $\phi)\}dx$
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$\int_{\mathrm{B}^{4}}|\nabla u|^{2}|\phi|^{2}dx$
$\leq\int_{\mathrm{B}^{4}}|\nabla\phi|^{2}dx+2\int_{\mathrm{B}^{4}}|\nabla u|^{2}(u, \phi)^{2}dx+\int_{\mathbb{P}}\backslash |\nabla(u, \phi)|^{2}dx$
$-2 \int_{\mathbb{P}}(u, \phi)(\nabla u, \nabla\phi)$ dx-2 $\int_{\mathrm{B}^{4}}\sum_{\alpha=1}^{4}(u,$ $\frac{\partial\phi}{\partial x_{\alpha}})^{2}dx$
-2 $\int_{\mathrm{B}^{4}}\sum_{\alpha=1}^{4}(u,$ $\frac{\partial\phi}{\partial x_{\alpha}})(\frac{\partial u}{\partial x_{\alpha}},$ $\phi)dx$
$1\leq l\leq 4$ , $f\in C_{0}^{1}(\mathrm{B}^{4})$ $\phi=fe_{l}$
$\int_{\nu}|\nabla u|^{2}f^{2}dx$
$\leq\int_{\mathrm{B}^{4}}|\nabla f|^{2}dx+2\int_{\mathrm{B}^{4}}|u^{l}|^{2}|\nabla u|^{2}f^{2}dx+\int_{\mathrm{B}^{4}}\{|u^{l}|^{2}|\nabla f|^{2}+|\nabla u^{l}|^{2}f^{2}.\}dx$
-2 $\int_{\#}f\sum_{\alpha=1}^{4}u^{l}\frac{\partial u^{l}}{\partial x_{\alpha}}\frac{\partial f}{\partial x_{\alpha}}$dx-2 $\int_{\mathrm{B}^{4}}|u^{l}|^{2}|\nabla f|^{2}dx$
$l$ 1 4 , I
harmonic map
Lemma 2 $u\in C^{\infty}(\mathrm{B}^{4}\backslash \{0\}, \mathrm{S}^{3})$ harmonic map
$u_{0}\in C^{\infty}(\mathrm{S}^{3}, \mathrm{S}^{3})$
$u(x)=u0( \frac{x}{|x|})$ for $x\in \mathrm{B}^{4}\backslash \{0\}$
$\int_{\mathrm{S}^{3}}|\nabla_{\mathrm{S}^{3}}u_{0}|^{2}$ $\leq 3\omega_{3}$
$\omega_{3}=H^{3}(\mathrm{S}^{3})$
Proof of Lemma 2
(5.1) $f\in C_{0}^{1}(0,1)$ radial
$\frac{1}{3}(\int_{\mathrm{S}^{3}}|\nabla \mathrm{s}^{su}\mathrm{o}|^{2}M)(\int_{0}^{1}rf^{2}dr)\leq\omega_{3}\int_{0}^{1}r^{3}|f’|^{2}dr$
Hardy best constant I
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Remark 4 , $n=3$ Lemma 1
$\int_{\mathrm{S}^{2}}|\nabla f|^{2}$ $\geq 0$ for any $f\in C_{0}^{1}(\mathrm{B}^{3})$
, . ,
$n=3$ section 3 , stable harmonic





$G=$ { $g\in C^{\infty}(\mathrm{S}^{n},$ $\mathrm{S}^{n})|\mathrm{o}\mathrm{r}\mathrm{i}\mathrm{e}\mathrm{n}\mathrm{t}\mathrm{a}\mathrm{t}\mathrm{i}\mathrm{o}\mathrm{n}$ preserving conformal diffeomorphism}
$(n\geq 2, k\geq 2)$ $u0\in C$“ $(\mathrm{S}^{3}, \mathrm{S}^{3})$ harmonic map
$\mathrm{E}(u_{0})=\mathrm{S}\mathrm{u}\mathrm{p}g\in$
$\mathrm{E}(u_{0}\circ g)$
, Poincare’ best constant 3 $\mathrm{A}\mathrm{a}$
$\mathrm{S}^{3}$ non-zero first eigenvalue .
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